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Recently, a background independent formulation of open string field theory was given
in [1]. This theory is formally defined in the space of all two dimensional world sheet
theories, with the world sheet lagrangian given by
L =
∫
Σ
d2z(
1
8pi
gαβ∂αX
i∂βX
jηij +
1
2pi
bijDicj) +
∫
∂Σ
dθV (X, b, c) (1)
Here, the first term is the closed string background and the second term describes an
arbitrary boundary interaction with the condition that the boundary operator V has the
form1
V = b−1O, (2)
where O is a general operator of the ghost number 1. If we denote by Oi some basis
in the space of such operators, O = ωiOi, the basic definition of the string field theory
action S can be given via an equation that involves the two-point function of Oi’s on the
world-sheet:
dS =
1
2
∫ 2pi
0
dθ1dθ2 < dO(θ1){Q,O}(θ2) >, (3)
where dS = dωid/dtiS and dO = dωiOi and < ... > denotes unnormalized correlation
function.2
In this letter we will show that if the operator V doesn’t contain ghosts and is a
function of purely bosonic variables, the right hand side of (3) actually reduces to a one-
point function d < ΩiVi > with Ω being a certain linear combination of couplings ω. From
this statement it follows immediately that the left hand side of (3) is indeed an exact form
and that
S = (Ωi
d
dωi
+ 1)Z, (4)
where Z is the world sheet partition function. We will give the expression for Ω below (see
(15), (16), (17)).
The fact that the action can be written in the form (4) was demonstrated before in
[2] by explicit calculations for the case of quadratic interaction V = ωX2; also in [2] for
1 For definition of b
−1 see [1].
2 It can be shown, using Ward identities, that the two point function on the right hand side
in (3) is a closed form, see [1].
1
general V (X) the existence of a relation of type (4) was proven and the algorithm for
constructing the vector field in (4) was described.
Our approach differs from the one in [2]: we will not use the exactness of the one form
on the right hand side of (3) but we will just reduce the correlation function in (3) to a
total derivative of a one-point function. Also, we will give an explicit formula for the vector
field in (4) and it’s relation to the Virasoro generators on world sheet. As a consequence
of the definition (3) we will see that the zeros of the vector field Ω, which define the string
filed theory equations of motion (see [2]) 3, are linear functions of couplings; therefore the
equations of motion in the present formalizm are also linear. At the end we will make
some comments. The alternative derivation of the action functional presented here and
the above observation might be helpful for a more detailed understanding of open string
field theory.
To evaluate the correlation function in (3) we will write the BRST operator in terms
of the matter and ghost stress tensors Tm, Tg:
Q =
∫ 2pi
0
dθc(θ)[Tm(θ) + Tg(θ)]. (5)
Also from the assumption that ghosts and matter are decoupled in the theory we can write
O = cV (X) and thus the correlation function is given by two terms
1
2
∫ 2pi
0
dθ1dθ3 < c(θ1)dV (θ1)c(θ3)∂θ3c(θ3)V (θ3) >
+
1
2
∫ 2pi
0
dθ1dθ2dθ3 < c(θ1)dV (θ1)c(θ2)c(θ3)[Tm(θ2), V (θ3)] > .
(6)
To proceed further we need to evaluate the ghost correlation functions in (6). For the
general 3-point function we have:
< c(θ1)c(θ2)c(θ3) >= 2(sin(θ1 − θ2)− sin(θ1 − θ3) + sin(θ2 − θ3)). (7)
This leads to a simple expression for the first correlator in (6)
3 The fact that the string field theory action on the classical equations of motion is given by
the world-sheet bosonic partition function previously was suspected in [3] [4] and elaborated in
terms of theory under the discussion in [2].
2
12
∫ 2pi
0
< dθ1dθ2(2 cos(θ1 − θ2)− 2) < dV (θ1)V (θ2) >, (8)
and to three terms for the second correlator in (6):
1
2
∫ 2pi
o
dθ1dθ2[i(− < e
iθ1dV (θ1)[L−1, V (θ2)] > −c.c.)+
+ i(− < dV (θ1)[L1, e
−iθ2V (θ2)] > −c.c)−
−2 sin(θ1 − θ2) < dV (θ1)[L0, V (θ2)] >].
(9)
Here we use the notation Ln =
∫ 2pi
0
dθeinθTm(θ).
The last term in (9) can be simplified if we use the fact that [L0, V (θ)] = ∂V (θ) and
thus after integration by parts over θ2 it leads to
−
∫ 2pi
0
dθ1dθ2 cos(θ1 − θ2) < dV (θ1)V (θ2) > . (10)
At the same time we can also simplify the first term in (9) just by using the observation
that the commutator term here is nothing but the commutator of the Virasoro generator
L−1 with the world sheet action (note that the bulk lagrangian commutes with all Virasoro
generators). Thus in the path integral for this correlation function we could integrate by
parts and because there is no anomaly in the measure (the construction of a background
independent string field theory assumes that we have a critical string) we get:
i
2
(< [L−1,
∫ 2pi
0
eiθdV (θ)] > −c.c.). (11)
Now we can combine (8), (9), (10) and (11) and due to some nice cancellations and
the identity
<
∫ 2pi
0
dθ1dV (θ1)
∫ 2pi
0
dθ2V (θ2) >= d <
∫ 2pi
0
dθV (θ) > −dZ, (12)
we obtain
dZ−d <
∫ 2pi
0
dθV (θ) > +
i
2
(< [L−1,
∫ 2pi
0
dθeiθdV (θ))] >
− <
∫ 2pi
0
dθ1dV (θ1)[L1,
∫ 2pi
0
dθ2e
−iθ2V (θ2)] > −c.c),
(13)
where Z denotes the world sheet partition function.
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At this point we have to make an important assumption that the exterior deriva-
tive in the space of couplings, d, commutes with Virasoro generators L1, L−1; [d, L] = 0.
This property was crucial also in the consideration of [1] (e.g. for the prove that the
symplectic form is closed and BRST invariant, see [1]). It is important to keep in mind
that, because we are dealing in principle with non-renormalizable theory and are using
a cut-off, we have to require that short distance behavior of the exact Green function,
G(z1, z2), in the theory is still logarithmic; this is certainly true on the bulk, but not
guaranteed when both z1 and z2 are on the boundary: z1 = exp(iθ1), z2 = exp(iθ2).
The latter requirement leads to certain restrictions on the couplings ωi. Only in this
case we can define the Virasoro algebra through the world sheet stress-tensor both in
the bulk and on the boundary, and have geometric transformation properties for the
boundary operators, corresponding to reparametrization of the world-sheet. Unfortu-
nately, because generically we will have unrenormalizable boundary interactions, we can
not make this point more elaborate. Although, we can make some comments if bound-
ary interaction is quadratic: 4 V =
∑
∞
0 ω
ij
n V
ij
n + a;V
ij
n =
∫ 2pi
0
dθX i∂nXj, and a is
a constant. In this case, Green function with both points on boundary is given by
< X i(θ1)X
j(θ2) >=
∑
∞
k=−∞(|k| +
∑
∞
n=0 ωn(ik)
n)−1ij expi(θ1 − θ2). Now if the infinite
sum in the denominator for this Green function goes to a constant for large k, we will
have a logarithmic short distance divergence and we can define all operators V by point
splitting and subtracting the divergent part, which will not depend on the couplings.5
After the above comment we can now exchange the order of d and L−1(L1) in (13),
and thus conclude that the right hand side of (3) is an exact form and defines the string
field theory action up to a constant:
d(Z− <
∫ 2pi
0
dθV (θ) > +
i
2
(<
∫ 2pi
0
dθeiθ[L−1, V (θ)] > −c.c.)) = dS. (14)
Thus, we have expressed the action S in terms of a one-point function of the boundary
operator V . Let us represent V as a sum of basic operators, Vi, V = ω
iVi, where Vi
corresponds to Oi introduced above and is a function of the field X and it’s derivatives.
The operation δ
4 I would like to thank E. Witten for pointing out this possibility.
5 The treatment of regularization problems in the case when there are finite number of non-zero
couplings ωn in quadratic potential is given in [5]
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δVi =
i
2
[eiθL−1 − e
−iθL1, Vi] (15)
defines a linear transformation in the space of operators Vi, or equivalently, in the param-
eter space ωi:
δ(ωiVi) = ωˆ
iVi = ω
iδVi, (16)
and ωˆ is given by (15) and (16). This completes our derivation of desired formula for
action S:
S =(Ωi
d
dωi
+ 1)Z;
Ωi = (ωˆi − ωi),
(17)
and zeros of Ω
Ωi = 0 (18)
are classical equations of motion.
After the equations of motions (18) are derived for general boundary interactions
(with restrictions on short distance behavior emphasized above) we would like to make
some comments. As it follows from (18), (15) and (16), these equations are linear and
gauge symmetries are given by zero modes of the operator δ − 1. In the notation V (X) =
T (X) + Aµ∂X
µ + ... from (15) and (16) the equation Ω = 0 leads to linearized tachyon
equation, Yang-Mills equation and so on. The non linear equations are coming out from
our consideration only if we restrict the class of boundary interactions even more (or, if
short distance behavior depends on a coupling constant, as in the case of having only first
derivatives of X in V : V = ωijX i∂Xj ). It would be very interesting to find the physical
requirements that lead to natural restrictions on boundary interactions. One might think
that the reason of linearity of equations of motion is the assumption for operators O being
the linear functions of coupling constants: O = ωiOi. If we do not impose this condition,
our final answer is still given by a one point function of the operator (δ − 1)V :
S =< (δ − 1)V > +Z. (19)
In the case where we have the subspace of all boundary interactions with only renor-
malizable (but nonlinear) interactions, our assumptions about the short distance behavior
of the exact Green function are completely derivable. This suggests that the question of
5
linearity is not related to renormalization problems but rather to definition (3). In the
lines of the original idea of [1], when the string field theory action is defined by a BV
antibracket, what probably has to be done in order to get nonlinear classical dynamics for
general boundary interaction, is that the definition of the antibracket has to be modified.
Acknowledgements: I would like to thank E. Verlinde for collaboration in the initial
stage of this work and J. Distler, K. Li, V. Periwal and E. Witten for helpful discussions.
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